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This paper considers quantum network coding, which is a recent technique that enables quantum
information to be sent on complex networks at higher rates than by using straightforward routing
strategies. Kobayashi et al. have recently showed the potential of this technique by demonstrating
how any classical network coding protocol gives rise to a quantum network coding protocol. They
nevertheless primarily focused on an abstract model, in which quantum resource such as quantum
registers can be freely introduced at each node. In this work, we present a protocol for quantum
network coding under weaker (and more practical) assumptions: our new protocol works even for
quantum networks where adjacent nodes initially share one EPR-pair but cannot add any quantum
registers or send any quantum information. A typically example of networks satisfying this assump-
tion is quantum repeater networks, which are promising candidates for the implementation of large
scale quantum networks. Our results thus show, for the first time, that quantum network coding
techniques can increase the transmission rate in such quantum networks as well.
I. INTRODUCTION
Quantum communications hold potentialities which
are qualitatively different from classical communications.
For example, quantum key distribution (QKD) provides
shared, secret bits (useful for classical cryptography)
whose secrecy does not depend on the presumed difficulty
of factoring large numbers or other number-theoretic
problems, as the commonly-used Diffie-Hellman key ex-
change protocol does.
Urban scale and complex topology QKD networks have
already been constructed experimentally [1, 2]. However,
it is still difficult to realize long distance quantum com-
munication. Quantum repeaters [3, 4] are a potential
approach for dealing with this problem. Quantum re-
peaters have three important functions: the first is the
basic physical creation of entanglement over long dis-
tances, the second is management of imperfections in the
created quantum states (e.g., purification [5–7] or recent
works using error correction different from purification
[8–10]), and the third is extending entanglement from
the endpoints of a single channel to distant nodes in a
topologically complex network (e.g., entanglement swap-
ping [11–13]).
In quantum repeater networks, EPR-pairs are con-
sumed as a source of quantum communication and re-
quire a high cost for sharing and conservation. The com-
munication capacity of a quantum repeater network is
limited by the maximum number of qubits the quantum
repeater can store and operate on at one time. Hence, in
the future, large and complex quantum repeater networks
will be confronted with the bottleneck problem caused by
shortage of quantum resources.
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FIG. 1. The butterfly network and a classical coding protocol.
Source nodes (s1 and s2) have for input bits X and Y . The
task is to send simultaneously bit X from s1 to t1 and bit
Y from s2 to t2. This task is implemented by using a XOR
operation at relay node r1 and target nodes (t1 and t2). Note
this task cannot be solved by using routing.
Meanwhile, large scale classical networks such as the
Internet have continued to increase their communication
volume, and also have the bandwidth bottleneck prob-
lem. To address this problem, classical network coding
[14] is drawing attention. One of the most useful ap-
plications of this method is throughput enhancement for
certain traffic patterns: network coding is able to achieve
higher throughput than independent forwarding of every
data packet, by active encoding of the packets at inter-
mediate nodes. We show an example of multiple-unicast
transmission over the directed butterfly network by using
this technique in Fig. 1.
Recently, researchers expanded network coding to in-
clude quantum information [15–18] and showed that net-
work coding using quantum information is available with-
2out infringement of the non-cloning theorem (which for-
bids duplication of an unknown quantum state). After
that, [19–21] proved that, for any graph, quantum per-
fect network coding is feasible, if free classical channels
are available, whenever classical network coding is pos-
sible. But these later works do not consider concrete
implementation issues and, especially, assume the avail-
ability of additional quantum resources such as quantum
registers at each node of the network. Implementation
is nevertheless a fundamental problem. Indeed, in order
to be able to use network coding on real quantum net-
works, the amount of quantum resources required by the
protocol need to be minimized.
In this work, we study quantum network coding for
practical quantum networks where adjacent nodes ini-
tially share one EPR-pair but cannot add any quan-
tum registers or send any quantum information. Typ-
ical examples are the quantum repeater networks dis-
cussed above. Since this setting forbids the introduction
of quantum registers, the methods from [19–21] cannot
be applied directly. Our results nevertheless demonstrate
that quantum network coding can be realized in this
model as well and are, to the best of our knowledge, the
first application of network coding to increase the trans-
mission rate in quantum repeater networks. This may
become an effective countermeasure against communica-
tion congestion in quantum repeater networks.
Our results are obtained by constructing a version of
the protocol in [21] that does not require the introduction
of any quantum register. This is non-trivial and requires
new ideas. The key idea is to convert, using only local
operations and classical communication, the EPR-pairs
between adjacent nodes into appropriate entangled states
of higher dimension shared between distant nodes. To do
this, we introduce two new techniques inspired by quan-
tum teleportation [22] and one-way quantum computa-
tion [23], which we call “Connection” and “Removal”,
that enable us to manipulate such entangled states and
systematize the methods of encoding.
II. PRELIMINARIES
A. Notations
We suppose that the reader is familiar with the ba-
sics of quantum information theory and refer to [24] for
a good reference. In classical information science, the
fundamental unit of information is described as a binary
digit (bit). In the case of quantum information, a quan-
tum bit (qubit) is the equivalent of a bit. A qubit is ex-
pressed as a superposition of two orthonormal quantum
states |0〉 and |1〉 with amplitudes α and β as follows:
|ψ〉 = α|0〉+ β|1〉,
where α and β are complex number satisfying |α|2 +
|β|2 = 1. A general quantum state of n qubits can be
written as |ψ〉 =∑x∈{0,1}n αx|x〉, where αx are complex
numbers such that
∑
x∈{0,1}n |αx|2 = 1.
In this paper, we will use the Pauli operators σX and
σZ and the Hadamard operator, which are the following
single qubit transformations:
σX := |1〉〈0|+ |0〉〈1|,
σZ := |0〉〈0| − |1〉〈1|,
H :=
1√
2
(|0〉〈0|+ |1〉〈0|+ |0〉〈1| − |1〉〈1|).
We denote by |+〉, |−〉 the Hadamard basis:
|+〉 = H |0〉 = 1√
2
(|0〉+ |1〉) ,
|−〉 = H |1〉 = 1√
2
(|0〉 − |1〉) .
We will also use the Control-NOT gate, which is the
following two qubits transformation.
CNOT(A,B) := |0〉A|0〉B〈0|A〈0|B + |0〉A|1〉B〈0|A〈1|B
+|1〉A|1〉B〈1|A〈0|B + |1〉A|0〉B〈1|A〈1|B.
We denote by |Ψ+〉 and |Φ+〉 the following two qubits
state (EPR-pairs):
|Ψ+〉 = 1√
2
(|00〉+ |11〉) , |Φ+〉 = 1√
2
(|01〉+ |10〉) ,
and by |GHZ〉 the following three qubits state:
|GHZ〉 = 1√
2
(|000〉+ |111〉) .
B. Quantum repeater network
We define a quantum repeater network as a network
consisting of a number of quantum repeaters, undirected
classical channels and EPR-pairs |Ψ+〉 (each pair of adja-
cent quantum repeaters shares one EPR-pair). We show
an example of network with three quantum repeaters in
Fig. 2.
On the network of Fig. 2, quantum communications
are possible between adjacent repeaters (s-r and r-t)
by teleportation using shared EPR-pairs. Furthermore,
quantum communication between the non-adjacent re-
peaters s and t is possible by applying entanglement
swapping (the relay repeater r converts the two EPR-
pairs |Ψ+〉AB ⊗ |Ψ+〉CD to one EPR-pair |Ψ+〉AD). In
this way, each repeater performs quantum communica-
tion by EPR-pairs and LOCC on this network.
The present paper will show that, for specific networks,
network coding can achieve a better throughput than this
simple entanglement swapping strategy.
3FIG. 2. An example of quantum repeater network. There
are three quantum repeaters (s, r and t), two free classical
channels and two EPR-pairs |Ψ+〉AB and |Ψ
+〉CD between
s-r and r-t, respectively.
FIG. 3. The setting for our protocol. After the excution of the
protocol, s1 and t1 (similarly, s2 and t2) share one EPR-pair
and are then able to perform quantum teleportation.
III. QUANTUM REPEATER NETWORK
CODING
We present the setting for our protocol in Fig. 3. The
goal of this work is to simultaneous send quantum in-
formation between two pairs of repeaters ((s1, t1) and
(s2, t2)) located diagonally on a butterfly quantum re-
peaters network. For this purpose, we construct a proto-
col for quantum repeater network coding that generates
EPR-pairs |Ψ+〉AF and |Ψ+〉BE by using only LOCC and
shared EPR-pairs between adjacent quantum repeaters.
Simultaneous quantum communication between (s1, t1)
and (s2, t2) can then by achieved by teleportation using
these EPR-pairs.
We cannot generate these EPR-pairs simultaneously
by using only entanglement swapping [11, 12] because of
the constitution of this network. Moreover, we cannot
apply existing quantum network coding methods ([21])
directly because these methods require the introduction
of intermediate quantum registers, which is not possible
in our model of quantum repeater networks. In this work,
we construct a protocol for sharing EPR-pairs without
additional quantum registers.
In subsection A and B we first show two new tech-
niques. In subsection C we give an overview of our pro-
tocol. In subsection D we present a preliminary protocol.
In subsection E we give the final version of our protocol.
TABLE I. ConCR−>T
C and R are 1-qubit registers owned by u.
T is a 1-qubit register owned by v.
Step 1. u applies CNOT (C,R).
Step 2. u measures R in the {|0〉, |1〉} basis.
Let a ∈ {0, 1} be the outcome.
Step 3. u sends a to v by a classical channel.
Step 4. If a = 1 then v applies σX to T
A. Technique 1: Connection
Our first technique is called Connection. Connection
is a non-unitary operation between two repeaters (u and
v, respectively). Repeater u has Control and Resource
qubits (C and R, respectively). Repeater v has a Tar-
get qubit (T ). We show the procedure for Connection
as Table I. This technique corresponds to sending one
bit in the original classical network coding scheme and is
utilizing the basis manipulation method of quantum tele-
portation [22]. The following lemma shows the action of
Connection.
Lemma 1. Let |Ψinit〉 be a state of the form
|Ψinit〉 = (α|ψ0〉|0〉C + β|ψ1〉|1〉C)⊗ |Ψ+〉RT ⊗ |Φ〉,
where α2 + β2 = 1 and |ψ0〉, |ψ1〉 and |Φ〉 are arbitrary
quantum states. Then the state after applying ConCR−>T
to |Ψinit〉 is
|Ψfinal〉 = (α|ψ0〉|00〉CT + β|ψ1〉|11〉CT )⊗ |Φ〉,
where register R can be disregarded.
Proof. At step 1, we apply CNOT (C,R). The state be-
comes
|Ψ1〉 = α|ψ0〉|0〉C ⊗ |Ψ+〉RT ⊗ |Φ〉
+β|ψ1〉|1〉C ⊗ |Φ+〉RT ⊗ |Φ〉.
At step 2, we measure R. When a = 0 the state becomes
|Ψ2〉 = (α|ψ0〉|00〉CT + β|ψ1〉|11〉CT )⊗ |Φ〉,
and when a = 1 the state becomes
|Ψ2′〉 = (α|ψ0〉|01〉CT + β|ψ1〉|10〉CT )⊗ |Φ〉,
where register R has been disregarded since it is not en-
tangled anymore. At step 4, if a = 1 then we apply σX
to T . The state becomes
|Ψ3〉 = (α|ψ0〉|00〉CT + β|ψ1〉|11〉CT )⊗ |Φ〉 = |Ψfinal〉.
For example, Lemma 1 shows that applying ConAC−>D
to two EPR-pairs
|Ψinit〉 = |Ψ+〉AB ⊗ |Ψ+〉CD
4FIG. 4. The quantum circuit for getting GHZ-states from two
EPR-pairs by Connection.
TABLE II. FanoutCR1−>T1,R2−>T2
C, R1 and R2 are 1-qubit registers owned by u.
T1 is a 1-qubit register owned by v.
T2 is a 1-qubit register owned by w.
Step 1. u and v apply ConCR1−>T1 .
Step 2. u and w applyConCR2−>T2 .
gives one GHZ-state:
|Ψfinal〉 = |GHZ〉ABD.
We show the corresponding quantum circuit in Fig. 4.
We now show two variants of the above Connection op-
eration. The first variant is “multiple resource and tar-
get qubits” Connection and called Connection:Fanout (or
Fanout). We show the procedure for Connection:Fanout
as table II.
Note that applying FanoutCR1−>T1,R2−>T2 is equiva-
lent to applying ConCR1−>T1 and then Con
C
R2−>T2 . We
can derive the following lemma.
Lemma 2. Let |Ψinit〉 be a state of the form
|Ψinit〉 = (α|ψ0〉|0〉A + β|ψ1〉|1〉A) |Ψ+〉BC |Ψ+〉DE ⊗ |Φ〉,
where α2 + β2 = 1 and |ψ0〉, |ψ1〉 and |Φ〉 are ar-
bitrary quantum states. Then the state after applying
Fanout
A
B−>C,D−>E to |Ψinit〉 is
|Ψfinal〉 = (α|ψ0〉|000〉ACE + β|ψ1〉|111〉ACE)⊗ |Φ〉,
where registers B and D can be disregarded.
Proof. At step 1, we apply ConAB−>C to |Ψinit〉. From
Lemma 1, the state becomes
|Ψ1〉 = (α|ψ0〉|00〉AC + β|ψ1〉|11〉AC) |Ψ+〉DE ⊗ |Φ〉,
where register B has been disregarded since it is not en-
tangled anymore. At step 2, we apply ConAD−>E to |Ψ1〉.
From Lemma 1, the state becomes
|Ψ2〉 = (α|ψ0〉|000〉ACE + β|ψ1〉|111〉ACE)⊗ |Φ〉
= |Ψfinal〉,
FIG. 5. The circuit for Connection:Fanout.
TABLE III. AddC1,C2R−>T
C1, C2 and R are 1-qubit registers owned by u.
T is a 1-qubit registers owned by v.
Step 1. u applies CNOT (C1,R).
Step 2. u and v apply ConC2R−>T .
where register D has been disregarded since it is not en-
tangled anymore.
For example, Lemma 2 shows that applying
Fanout
A
B−>C,D−>E to
|Ψinit〉 = (α|0〉A + β|1〉A) |Ψ+〉BC |Ψ+〉DE
gives the following quantum state:
|Ψfinal〉 = α|000〉ACE + β|111〉ACE.
We show the corresponding circuit in Fig. 5.
The next variant is “multiple control qubits” Connec-
tion and called Connection:Add (or Add). We show the
procedure for Connection:Add as Table III, and prove
the following lemma.
Lemma 3. Let |Ψinit〉 be a state of the form
|Ψinit〉 = (α|ψ0〉|0〉A + β|ψ1〉|1〉A)
⊗(γ|φ0〉|0〉B + δ|φ1〉|1〉B)|Ψ+〉CD ⊗ |Φ〉,
where α2 + β2 = γ2 + δ2 = 1 and |ψ0〉, |ψ1〉, |φ0〉, |φ1〉
and |Φ〉 are arbitrary quantum states. Then the state
after applying Add
A,B
C−>D to |Ψinit〉 is
|Ψfinal〉 =
(
(αγ|ψ0〉|φ0〉|00〉AB + βδ|ψ1〉|φ1〉|11〉AB) |0〉D
+(αδ|ψ0〉|φ1〉|01〉AB + βγ|ψ1〉|φ0〉|10〉AB)|1〉D
)|Φ〉.
where register C can be disregarded.
5FIG. 6. The circuit for Connection:Add.
Proof. At step 1, we apply CNOT (A,C). The state be-
comes
|Ψ1〉 =
(
α|ψ0〉|0〉A (γ|φ0〉|0〉B + δ|φ1〉|1〉B)⊗ |Ψ+〉CD
+ β|ψ1〉|1〉A (γ|φ0〉|0〉B + δ|φ1〉|1〉B)⊗ |Φ+〉CD
)|Φ〉.
From Lemma 1, the final state:
|Ψ4〉 =
(
(αγ|ψ0〉|φ0〉|00〉AB + βδ|ψ1〉|φ1〉|11〉AB) |0〉D
+ (αδ|ψ0〉|φ1〉|01〉AB + βγ|ψ1〉|φ0〉|10〉AB)|1〉D
)|Φ〉
= |Ψfinal〉.
where register C has been disregarded since it is not en-
tangled anymore.
For example, Lemma 3 shows that applyingAddA,BC−>D
to
|Ψinit〉 = (α|0〉A + β|1〉A)⊗ (γ|0〉B + δ|1〉B) |Ψ+〉CD
gives the following quantum state:
|Ψfinal〉 = (αγ|00〉AB + βδ|11〉AB)|0〉D
+(αδ|01〉AB + βγ|10〉AB)|1〉D.
We show the corresponding circuit in Fig. 6.
B. Technique 2: Removal
Our second technique is called Removal. Removal is
a non-unitary operation between two repeaters (u and
v, respectively) which deletes a resource qubit (R) of a
quantum state using measurement in the Hadamard ba-
sis and σZ . The procedure for Removal is shown as Ta-
ble IV. This technique is inspired by the qubit removal
method using pauli measurements in one-way quantum
computing [23] (e.g., qubit removal from the graph states
by using a Z basis) measurement). The following lemma
shows the action of Removal.
TABLE IV. RemR−>T
R is a 1-qubit register owned by u.
T is a 1-qubit register owned by v.
Step 1. u applies the Hadamard gate to R.
Step 2. u measures R in {|0〉, |1〉} basis.
Let a ∈ {0, 1} be the outcome.
Step 3. v sends a to v by classical channel.
Step 4. If a = 1 then repeater v applies σZ to T
Lemma 4. Let |Ψinit〉 be a state of the form
|Ψinit〉 = (α|00〉AB|ψ00〉+ β|11〉AB|ψ11〉)⊗ |Φ〉,
where |α|2 + |β|2 = 1, and |ψ00〉, |ψ11〉, |Φ〉 are arbitrary
quantum states. Then by applying RemA−>B on |Ψinit〉,
we obtain the state
|Ψfinal〉 = (α|0〉B|ψ00〉+ β|1〉B|ψ11〉)⊗ |Φ〉.
where register C can be disregarded.
Proof. At step 1, we apply the Hadamard gate to A. The
state becomes
|Ψ1〉 = (α|+0〉AB|ψ00〉+ β|−1〉A,B|ψ11〉)⊗ |Φ〉.
At step 2, we measure A. After this step, when a = 0
the state is
|Ψ2〉 = (α|0〉B|ψ00〉+ β|1〉B|ψ11〉)⊗ |Φ〉,
and when a = 1 the state is
|Ψ2′〉 = (α|0〉B |ψ00〉 − β|1〉B|ψ11〉)⊗ |Φ〉,
where register A can be disregarded since it is not entan-
gled anymore. At step 4, if a = 1 then we apply σZ to
T . The state becomes
|Ψ4〉 = (α|0〉B|ψ00〉+ β|1〉B|ψ11〉)⊗ |Φ〉 = |Ψfinal〉.
Lemma 4 shows that Removal is able to “delete” the
target qubit used in a Connection operation (compare
with Lemma 1). For instance, by applying RemA−>B
on the GHZ-state
|Ψinit〉 = |GHZ〉ABC ,
we obtain the EPR-pair
|Ψfinal〉 = |Ψ+〉BC .
The corresponding circuit is shown in Fig. 7.
We now present a variant of Rem that will delete the
target qubit used in Connection:Add operation. We call
this operation Removal:Add (RemAdd) and show the
procedure as Table V. We can derive the following lemma.
6FIG. 7. The circuit for Removal.
TABLE V. RemAddR−>T1,T2
R is a 1-qubit register owned by u.
T1 is a 1-qubit register owned by v.
T2 is a 1-qubit register owned by w.
Step 1. Repeater u applies the Hadamard gate to R.
Step 2. u measures R in {|0〉, |1〉} basis.
Let a be the outcome.
Step 3. v sends a ∈ {0, 1} to v and w by classical channel.
Step 4. If a = 1 then repeater v and w applies σZ
to T1 and T2
Lemma 5. Let |Ψinit〉 be a state of the form
|Ψinit〉 =


1∑
i,j=0
aij |ij〉AB|i⊕ j〉C |ψij〉

⊗ |Φ〉,
where
∑
i,j |aij |2 = 1, and |ψi,j〉, |Φ〉 are arbitrary quan-
tum states. Then by applying RemAddC−>A,B, we ob-
tain the state
|Ψfinal〉 =


1∑
i,j=0
aij |ij〉AB|ψij〉

⊗ |Φ〉,
where register C can be disregarded.
Proof. At step 1, we apply the Hadamard gate to C. The
state becomes
|Ψ1〉 =
(|+〉C ⊗ (a00|00〉AB|ψ00〉+ a11|11〉AB|ψ11〉)
+|−〉C ⊗ (a01|01〉AB|ψ01〉+ a10|10〉AB|ψ10〉)
)⊗|Φ〉.
At step 2, we measure C. When a = 0 the state becomes
|Ψ2〉 =
(
(a00|00〉AB|ψ00〉+ a11|11〉AB|ψ11〉)
+(a01|01〉AB|ψ01〉+ a10|10〉AB|ψ10〉)
)⊗ |Φ〉,
and when a = 1 the state becomes
|Ψ2′〉 =
(
(a00|00〉AB|ψ00〉+ a11|11〉AB|ψ11〉)
−(a01|01〉AB|ψ01〉+ a10|10〉AB|ψ10〉)
)⊗ |Φ〉,
where register C can be disregarded since it is not entan-
gled anymore. At step 4, if a = 1 then we apply σZ to A
and B. The state becomes
|Ψ4〉 =
(∑
aij |ij〉AB|ψij〉
)
⊗ |Φ〉 = |Ψfinal〉.
FIG. 8. The circuit for Removal:Add.
For example, Lemma 5 shows that applying
RemAddC−>A,B to
|Ψinit〉 = (αγ|00〉AB + βδ|11〉AB) |0〉C
+(αδ|01〉AB + βγ|10〉AB) |1〉C
gives the following quantum state:
|Ψfinal〉 = (α|0〉A + β|1〉A)⊗ (γ|0〉B + δ|1〉B) .
The corresponding circuit is shown in Fig. 8.
C. Overview of our encoding protocol
We now give an overview of our protocol for the but-
terfly quantum repeater network of Fig. 3. We will give
a complete description of our protocol in subsections D
and E.
The first half of our protocol simulates the classical
strategy of Fig. 1. For this purpose, each repeater ap-
plies Add or Fanout operations. We show the corre-
spondence between classical and quantum operations in
Fig. 9. Applying AddB,DE−>F to
|Ψinit〉 = |Ψ+〉AB ⊗ |Ψ+〉CD ⊗ |Ψ+〉EF
gives the following quantum state:
|Ψfinal〉 = 1
2
(|0000〉ABCD + |1111〉ABCD)⊗ |0〉F
+
1
2
(|1100〉ABCD + |1100〉ABCD)⊗ |1〉F .
Thus AddB,DE−>F corresponds to the classical parity op-
eration (computing the parity of B and D into register
F ). Applying FanoutBC−>D,E−>F to
|Ψinit〉 = |Ψ+〉AB ⊗ |Ψ+〉CD ⊗ |Ψ+〉EF
gives the following quantum state:
|Ψfinal〉 = 1√
2
(|0000〉ABDF + |1111〉ABDF ).
7(a) Classical parity and quantum add operation.
(b) Classical and quantum fanout operation.
FIG. 9. The correspondence between classical and quantum
coding.
Fanout
B
C−>D,E−>F corresponds to the classical fanout
operation (copying B into registers D and F ).
The second half of our protocol will delete redundant
registers by Rem and RemAdd operations.
A difficulty is that this correspondence of Fig. 9 cannot
be used for the encoding performed at the sender nodes
because the sender nodes have no control qubit (i.e., the
sender nodes have no incoming edges). To deal with this,
we will introduce additional registers as control qubits
and describe quantum repeater network coding proto-
col for this setting in subsection D. We will then show
that our protocol can work without additional registers
in subsection E.
D. Encoding with additional registers
In this subsection we assume that s1 has an additional
register A′ with state |+〉A′ and s2 has an additional
register E′ with state |+〉E′ . The registers A′ and E′
will be used as control qubits for the Fanout operations
performed by the senders. We present our procedure as
Table VI, and show below the evolution of the quantum
state of the system.
The input state is
|Ψ0〉 = |+〉A′ |Ψ+〉AB |Ψ+〉CD|+〉E′ |Ψ+〉EF |Ψ+〉GH
⊗|Ψ+〉IJ |Ψ+〉KL|Ψ+〉MN .
(1)
TABLE VI. Encoding
Step 1. s1 and r1 apply Fanout
A′
A−>B,C−>D ,
s2 and r1 apply Fanout
E′
E−>F,G−>H .
Step 2. r1 and r2 apply Add
D,H
I−>J .
Step 3. r2, t1 and t2 apply Fanout
J
K−>L,M−>N .
Step 4. t1 applies CNOT
(N,F ), t2 applies CNOT
(L,B).
Step 5. t2 and r2 apply RemL−>J ,
t1 and r2 apply RemN−>J .
Step 6. r2 and r1 apply RemAddJ−>D,H.
Step 7. r1 and s1 apply RemD−>A′ ,
r1 and s2 apply RemH−>E′ .
At step 1, s1 and t2 apply Connection:Fanout. (s2 and
t1 do the same.) From Lemma 2, the state becomes
|Ψ1〉 = |GHZ〉A′BD|GHZ〉E′FH |Ψ+〉IJ |Ψ+〉KL|Ψ+〉MN .
At step 2, r1 and r2 apply Connection:Add. From
Lemma 3, the state becomes
|Ψ2〉 = 1
2
(|000000〉A′BDE′FH + |111111〉A′BDE′FH) |0〉J
⊗|Ψ+〉KL|Ψ+〉MN
+
1
2
(|000111〉A′BDE′FH + |111000〉A′BDE′FH) |1〉j
⊗|Ψ+〉KL|Ψ+〉MN .
At step 3, r2, t1 and t2 apply Connection:Fanout. From
Lemma 2, The state becomes
|Ψ3〉 = 1
2
(|000000〉A′BDE′FH + |111111〉A′BDE′FH)
⊗|000〉JLN
+
1
2
(|000111〉A′BDE′FH + |111000〉A′BDE′FH)
⊗|111〉JLN .
At step 4, t1 and t2 aplly C-NOT. The state becomes
|Ψ4〉 = 1
2
(|000000〉A′BDE′FH + |111111〉A′BDE′FH)
⊗|000〉JLN
+
1
2
(|010101〉A′BDE′FH + |101010〉A′BDE′FH)
⊗ |111〉JLN .
At step 5, t1 and t2 delete redundant registers N and
F using Removal. From Lemma 4, the state becomes
|Ψ5〉 = 1
2
(|000000〉A′BDE′FH + |111111〉A′BDE′FH) |0〉J
+
1
2
(|010101〉A′BDE′FH + |101010〉A′BDE′FH) |1〉J .
At step 6, r2 deletes the redundant register J using
Removal:Add. From Lemma 5, the state becomes
|Ψ6〉 = 1
2
(|000000〉A′BDE′FH + |111111〉A′BDE′FH)
+
1
2
(|010101〉A′BDE′FH + |101010〉A′BDE′FH) .
8TABLE VII. Encoding without additional registers
Step 1. s1 and r1 apply Con
A
C−>D,
s2 and r1 apply Con
E
G−>H .
Step 2. r1 and r2 apply Add
D,H
I−>J .
Step 3. r2, t1 and t2 apply Fanout
J
K−>L,M−>N .
Step 4. t1 applies CNOT
(N,F ), t2 applies CNOT
(L,B).
Step 5. t2 and r2 apply RemL−>J ,
t1 and r2 apply RemN−>J .
Step 6. r2 and r1 apply RemAddJ−>D,H .
Step 7. r1 and s1 apply RemD−>A,
r1 and s2 apply RemH−>E.
At step 7, r1 deletes redundant registersD andH using
Removal the same way as in step 5. The state becomes
|Ψ7〉 = 1
2
(|0000〉A′BE′F + |1111〉A′BE′F )
+
1
2
(|0110〉A′BE′F + |1001〉A′BE′F )
= |Ψ+〉A′F ⊗ |Ψ+〉B′E
We obtain separated EPR-pairs. The first one is owned
by (s1, t1), and the second by (s2, t2).
In the next subsection, we describe an encoding proto-
col without additional registers based on the above pro-
tocol.
E. Encoding without additional registers
We now show how to use the result of the previous
subsection to construct a network coding scheme over
the network of Fig. 3 (i.e., without additional registers).
When there are no additional registers, the input state is
|Ψ0′〉 = |Ψ+〉AB |Ψ+〉CD|Ψ+〉EF |Ψ+〉GH |Ψ+〉IJ |Ψ+〉KL
⊗|Ψ+〉MN .
Suppose that s1 and t2 apply Con
A
C−>D, and s2 and t1
apply ConEG−>H . The state becomes
|Ψ1′〉 = |GHZ〉ABD|GHZ〉EFH |Ψ+〉IJ |Ψ+〉KL|Ψ+〉MN .
Compare with state (1), the two states are the same if
we take A = A′ and E = E′. Then, if we apply steps 2-7
as in the previous section, we obtain the state
|Ψ7′〉 = |Ψ+〉AF ⊗ |Ψ+〉BE .
Thus, the only modification we have to make is to re-
place step 1 in the procedure of the previous subsection.
The whole procedure for network coding over the net-
work of Fig. 3 is described as Table VII. We show the
corresponding circuit in Fig. 10.
IV. CONCLUSION
Our protocol shows that quantum network coding
techniques are operational using only LOCC and shared
EPR-pairs between adjacent repeaters (i.e., without ad-
ditional quantum registers). This method has been de-
scribed for the butterfly network but can be actually ex-
tended to other linear network coding schemes on other
graphs. We expect that this protocol will be a funda-
mental tool to apply techniques from network coding to
real quantum repeater networks.
[1] M. Peev, et al, New Journal of Physics 11, 075001 (2009).
[2] M. Sasaki, et al, Opt. Express 19, 10387 (2011).
[3] W. Du¨r, H.-J. Briegel, J. I. Cirac, and P. Zoller,
Phys. Rev. A 59, 169 (1999).
[4] S. Lloyd, J. H. Shapiro, F. N. C. Wong,
P. Kumar, S. M. Shahriar, and H. P. Yuen,
SIGCOMM Comput. Commun. Rev. 34, 9 (2004).
[5] H.-J. Briegel, W. Du¨r, J. I. Cirac, and P. Zoller,
Phys. Rev. Lett. 81, 5932 (1998).
[6] W. Du¨r and H. J. Briegel, Reports on Progress in Physics
70, 1381 (2007).
[7] R. Van Meter, T. D. Ladd, W. J. Munro, and K. Nemoto,
IEEE/ACM Trans. Netw. 17, 1002 (2009).
[8] L. Jiang, J. M. Taylor, K. Nemoto, W. J.
Munro, R. Van Meter, and M. D. Lukin,
Phys. Rev. A 79, 032325 (2009).
[9] W. J. Munro, K. A. Harrison, A. M. Stephens, S. J. De-
vitt, and K. Nemoto, Nature Photonics 4, 792 (2010).
[10] A. G. Fowler, D. S. Wang, C. D. Hill, T. D. Ladd,
R. Van Meter, and L. C. L. Hollenberg, Phys. Rev. Lett.
104, 180503 (2010).
[11] M. Zukowski, A. Zeilinger, M. A. Horne, and A. K. Ek-
ert, Phys. Rev. Lett. 71, 4287 (1993).
[12] S. Bose, V. Vedral, and P. L. Knight,
Phys. Rev. A 57, 822 (1998).
[13] R. Van Meter, J. Touch, and C. Horsman,
Progress In Informatics 8, 65 (2011).
[14] R. Ahlswede, N. Cai, S. R. Li, and R. W. Yeung, IEEE
Transactions on Information Theory 46, 1204 (2000).
[15] M. Hayashi, K. Iwama, H. Nishimura, R. Raymond, and
S. Yamashita, in Symposium on Theoretical Aspects of
Computer Science (2007) pp. 610–621.
[16] D. Leung, J. Oppenheim, and A. Winter, IEEE Trans-
actions on Information Theory 56, 3478 (2010).
[17] M. Hayashi, Phys. Rev. A 76, 040301 (2007).
[18] Y. Shi and E. Soljanin, in 40th Annual Conference on
Information Sciences and Systems (2006) pp. 871–876.
[19] H. Kobayashi, F. Le Gall, H. Nishimura, and M. Roet-
teler, in 36th International Colloquium on Automata,
Languages and Programming (2009) pp. 622–633.
[20] H. Kobayashi, F. Le Gall, H. Nishimura, and M. Roet-
teler, in 2010 IEEE International Symposium on Infor-
mation Theory (2010) pp. 2686–2690.
9FIG. 10. Overall view of the encoding circuit. Parenthetic numbers refer to the state after each step of the encoding procedure
of Table VII.
[21] H. Kobayashi, F. Le Gall, H. Nishimura, and M. Roet-
teler, in 2011 IEEE International Symposium on Infor-
mation Theory (2011) pp. 109–113.
[22] C. H. Bennett, G. Brassard, C. Cre´peau,
R. Jozsa, A. Peres, and W. K. Wootters,
Phys. Rev. Lett. 70, 1895 (1993).
[23] R. Raussendorf, D. E. Browne, and H.-J. Briegel,
Phys. Rev. A 68, 022312 (2003).
[24] M. A. Nielsen and I. L. Chuang,
Quantum Computation and Quantum Information
(Cambridge University Press, 2000).
